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Abstract

The stationary Boltzmann equation for weak forces in the context
of a two component gas is considered in the slab. An existence theo-
rem is proved when one component satisfies a given indata profile and
the other component satisfies diffuse reflection at the boundaries in a
renormalized sense. Weak L' compactness is extracted from the con-
trol of the entropy production term. Trace at the boundaries are also
controled.

*ANLA, University of Toulon, avenue de I'université, 83957 La Garde, France.

1 Introduction and setting of the problem.

This paper is devoted to the stationary Boltzmann equation for a two com-
ponent gas in the slab in the situation of soft forces. Stationary solutions are
of interest as candidates for the time asymptotics of evolutionary problems.
The two components satisfy different boundary conditions. One component
(the A component) is supposed to have a given indata profile and the other
component (the B component) is supposed to boundary conditions of diffuse
reflection type.

From a theoritical point of view, the problem of the existence of solutions
in the situation of the Boltzmann equation for single component gas was
studied in ([7], [8]). In ([7]), the authors prouve the existence of weak
solutions for hard forces and of renormalized solutions in the situation of soft
forces. The solutions are constructed for a given fixed mass for boundary
conditions of given indata profiles and for the geometry of a slab. In ([8]),
the existence of solutions is shown for hard forces, for boundary conditions



of diffuse reflection type and for the geometry of a slab. The solution is also
constructed for a given weighted mass. The case of the Povzner equation
for a one component gas with diffuse-reflection boundary conditions in the
case of hard and soft forces is investigated in ([16]). For the geometry
of two coaxial rotating cylinders an existence theorem is proved in ([9])
in the situation of hard forces. The problem of multi-component gases is
investigated in [10], where the existence of weak solutions is performed for
hard forces when the weighted mass of each component is fixed as in [7,
8]. The case of a mixture of two gases is also considered in [11] when the
Knudsen number tends to 0. The solution of the system is obtained as a
Hilbert expansion plus a rest term which is rigorously controled.

From a physical point of view, the problems of evaporation condensation
for multi-component gases was studied in ([17]). A binary mixture of vapor
and non condensable gas is considered in contact with an infinite plane of
a condensed vapor. The non condensable gas is supposed to be close to the
condensed phase. The problem is solved numericaly when the Boltzmann
operator is replaced by the BG K operator. The physical context is described
in those papers. In the situation where the Knudsen number tends to 0, this
problem has been already studied in ([3, 1]) where two types of behaviour
were pointed out. In a first situation the macroscopic velocity of the two
gases is 0 ([3, 23]). That means physically that evaporation and condensation
stop for the A component. But the Hilbert term of order 1 of the velocity
of the A component keeps an influence at the hydrodynamical level. This is
the ghost effect as defined for a one component gas in ([18]) and for a two
component gas in ([3, 23, 22]). In a second case the B component becomes
negligeable and accumulates in a thin layer at the boundaries called Knudsen
layer ([4]).

More precisely, we consider in this paper the stationary Boltzmann prob-
lem in a slab for a two component gas when the slab is represented by the
interval [—1, 1]

€ Fale,) = QUi fa + f5)(a,v),

5ol 0) = Qs fa + fo)(a0),
x€[-1,1],v € R3. (1.1)

The nonnegative functions represent the distribution functions f4 and f2
of the A and of the B component and £ is the velocity component



The collision operator @ is the Boltzmann operator

o) = [ [ Bo-v.wlfs - foldd.
= Q7 (9)(w0) - Q(f.9)w0)

where QT (f,g) — Q™ (f,g) is the splitting into gain and loss term,

fo=flzv), [ =f@v), fo=f(z,0.)
' v;:v*

v =0 — (U — Uy, w)w, + (v — vy, w)w.

For a more general introduction to the Boltzmann equation for multi-component
gases see ([12]). (v — v,,w) denotes the Euclidean product in R3. Let w be
represented by the polar angle (with polar axis along v — v, ) and the azimu-
tal angle ¢. The function B(v — vs,w) is the kernel of the collision operator

Q taken for weak forces as |v — v.|%b(0), with

-3<pB<0, belLi([0,27]), b0#)>c>0 ae.

Denote the collision frequency by
v(z,v) = / B(v — vy, w) f(z, vy)dvedw.
R3, xS?

In this paper, we study the case of soft forces for a two component gas
in a slab with given indata profile on both side of the domain for the A
component and diffuse reflection boundary conditions for the B component.
The vapor will be called the A component and the noncondensable as will
be called the B component. The boundary conditions for the A component
are

fa(=1,v) = kM_(v), £ >0, fa(1,0) = kM, (v), € <0, (1.2)

where k is a nonnegative constant which is a part of the unknown and will be
determined during the resolution of the problem. The boundary conditions
for the B component are

foto) = ([ U LdOM ), >0

fe(1,v) =( oo ¢ fp(1,0)dv" )M, (v), € <O0. (1.3)



My and M_ are given normalized Maxwellians

1 _D? 1 _ 2
M_ ('U) = me 27— and M+('l)) = me Ty .
— +

Consider the stationary Boltzmann problem in a slab for a two component
gas

In this paper, mild, weak and renormalized solutions (f4, fg) to the sta-
tionary problem (1.1, 1.2, 1.3) can be formulated as follows when QUh)

1+fA )
Q+(fA7f) Q_(fB7f) Q+(fBzf) c L
1+fA ’ 1+fB ’ 1+fB loc*

Definition 1.1. Let M4 and Mp be given nonnegative real numbers. (fa, fB)
18 a mild solution to the stationary Boltzmann problem with the 3-norms Ma
and Mg, if fa and fg € LL.((—1,1) x R3, [(1+ |[v])P fa(w,v)dzdv = My,
[(1+ |v))P fp(z,v)dzdv = Mp, and there is a constant k > 0 such that

Fa(l 4 s&v) = kM_(v) + 82 QU A+ & v)dr, € >0, s €] — Z,O[,
3
2
fa(=1+s€,v) = kM, (v / (=1+7&v)dr, £ <0, s €]=,0],
2 3

Fo(—14s60) = </§I<Of3(—1,v’)dv’> M_(v)

+ S QUfE, l(=1+ 7€, v)dr, £ <0, s e]z,o[,

MmN

(4 s6v) = ( s'fBu,v')dv’) M. (v)
£’>0

2
—,0[.

+ Q(fB £+ 7€ v)dr, € >0, s€]—§

m\w

Definition 1.2. Let M4 and Mp be given nonnegative real numbers. (fa, [B)
1s a weak solution to the stationary Boltzmann problem with the (G-norms
Ma and Mp, if fa and fg € L}, ((=1,1) x R3), v € L} ((-1,1) x R3),
[+ [v])P fa(w,v)dzdv = My, [(1+ ]v|)f8f3($,v)dxdv = Mp, and there is
a constant k > 0 such that for every test function ¢ € CL([-1,1] x R3) such



that ¢ vanishes in a neiborhood of € = 0, and on {(—1,v); & < 0}U{(1,v);& >
0},

1
| €058+ QUacta+ fa)) (o, v)dode
k[ On@ed -k [ Mo (0)p(-1,0)de,
R3,£<0 R3,£>0
1
| [ (€t + QU fa + f)e) o o,
—1JR3 xr
= [l oo [ € a01,)dv)
£'<0

&>0

- EM_(v)p(—1, v)duv( ¢ fp(=1,0")dv").

&>0 £'<0

Let g be defined for x > 0 by

g(z) =In(1 + x).

Definition 1.3. Let M4 and Mp be given nonnegative real numbers. (fa, [B)
1s a renormalized solution to the stationary Boltzmann problem with the 3-
norms Ma and Mg, if fa and fg € Li, .((—1,1)xR3), v € Li ((—1,1)xR3),

[+ |v])P fa(z,v)dzdv = Ma, [(1+4 |v|)?fp(x,v)dzdv = Mp, and there is
a constant k > 0 such that for every test function ¢ € CL([-1,1] x R3) such
that ¢ vanishes in a neiborhood of § = 0 and on {(—1,v);§ < 0}U{(1,v);& >

0},

/ / Q(f’i’_{_Af: /B) ©)(z,v)dxdv

=/ @%Mammmwm—/ g(ERM_(v))p(~1, v)dv,
R3,£<0 R3,£>0

/ / Q(f?_{Af;_ J5) ©)(z,v)dzdv,

-/ @« ¢ fo(1,0)dv) My (v)) (1, v)dv

£<0 &'>0

_/ gg( [ € fp(=1,0)dv')M_(v))p(~1,v)dv.
£>0 £<0

Remark 1. By arguing as in [14], it can be shown that the concepts of
renormalized and mild solutions are equivalent.



The main result of this paper is the following

Theorem 1.1. Given 8 with —3 < 3 < 0, there is a renormalized solution
to the stationary problem with B-norms equal to one.

This paper is organized as follows. The second section of this paper
deals with a construction of approximate solutions to the problem and with
the passage to the limit in the sequence of approximations. The passage to
the limit in the traces is also performed. Denote that the proof of the weak
compactness of the gain term is not obtained by arguing as in the situation
of a one component gas ([7, 14]). It will be given by lemma 2.1. In section
3, some extensions of Theorem 1.1 are made. In particular, the case where
M4 and Mp have any positive values is considered.

2 Approximations with fixed total masses

This section is devoted to the proof of Theorem 1.1. First a solution
(f%", f5") to an approached problem is constructed by arguing as in [10].
Next, the passage to the limit is performed in the renormalized form of the
approached problem when r tends to 0 and p tends to infinity. The compact-
ness of (", fp") and of the loss terms is obtained by classical arguments.
But the weak compactness of the gain term cannot be directly obtained
(Lemma 2.1). Finally the passage to the limit in the traces isn performed.

By reasoning as in ([10]), we can show that there are (f/, f5") satisfying

0 T r T r /
fafA’“ = /RS S2X Bu(va*,w)fA’“(:v,v')f H(x,v,)dvedw
UX

- 2“/ X Bu(v — v, w) (2, v0)dvedw,  (z,v) € (—1,1) x R,
R3 xS?
[t (=1,0) = kaM_(v), £ >0, fy"(1,v) =kaMi(v), £ <O, (2.1)
0 m N b !
g%fB = B/L(,U*U*aw)fB(x’U)f (IE,U*)dU*dw
R3, xS2?
I [ B vl oo, (5,0) € (-1,1) xR
R3, xS?
Fhto) = M) [ e, €0
<

FE(L ) = M () /§>0§fg(1,v)dv, £ <0, (2.2)
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with

/max(;,min(u, (1+v))?) fi (2, v)dedv = 1
and

/max(;,min(,u, (14 |v))?) £ (2, v)dzdv = 1.

X" is a C§° function with range [0, 1] invariant under the transformation .J,

J(v,w,vy) = (V, —w,v})

and satisfying
X'(vow) =1 if [ >r [&] > €] >r €] >,
r r r r
‘s N — 0 f o 8 o ! o /! -
X(0,0m0) =0 i el < 2,16l <5, €] < 5, 6] <

and the modified collision kernel B,, is defined by max(% min(B, u)).

Let (rj)jen with lim; 4o 7; = 0 and (u;)jeny with lim;_ 4o p; = +o0,
fﬁ; _ fzj,uj and f{g _ g,w_
The passage to the limit when j — +oo is now performed in the renormal-
ized formulations of the equations (2.1, 2.2) satisfied by (f%, /%)
A positive number ¢ being fixed, let ¢ be a test function vanishing for |§] < §
and for |v| > %. Since fJ = [+ [}, satisfies the Boltzmann equation for a one
component gas, it can be shown from [7] that f7 and [ps, o [v—0s|° fidv.dw
are weakly compact in L'([—1,1] x {v € R% [¢| > 6, |v| < $})). The weak
compactness of f%, f4, Qj_(fip 1), Q; ( I4, f7) follows from the inequalities
(1 fi .
st f T < [ i
1+ f4 R3 x5
—(fJ fi .
M < / v — U*|Bf]dv*dw.
1+ f% R3 xS?
MO/O) Qt(fp.17)
) and v
obtained from the weak compactness of the loss term in the renormalized

form as in ([7, 14]). Hence we need to show the following lemma.

I i e
Lemma 2.1. L Va) o0 QU)o weakly compact in
1+ 1+fL

LY(=1,1] x {v € B J¢[ > 6, o] < 1}).

Here, the weak compactness of e cannot be directly



Before giving the proof of Lemma 2.1 let us recall that
QU £omhdo + [ Qs hin(rhao
R3 R3
+ [ Qs fomshao+ [ Qs ym(rhde <o.
R3 RS

This estimate is shown in [2]. For the sake of clarity we will give a proof of
this result. Indeed

[k fmhar= [ Biw-v.w)
R3 ' IRi*>><]]§1”><S2
fi}(xa U)fi;(x, U*)

P, o) i, )

/ QP £3) In(f)dv = / Bj(v - v4,0)
R3 R

3xR3xS2

(Faa, o) Fi( ) = Fy(e,0) fi,00) In )dvdv.du

fé(xa v)fé(x’ v) >dvdv*dw
[z, ") fh(x,v))

| Qb + QU A= [ By o)

R3 xR3 xS2

(Fh (o) fha, o) = fha. ) fhev) n

J J
f?(x7v)f€(w7v*) )d’l}d’U*dw
fa(z, V) f(z,v))

By arguing as for the case of the one component gas, it follows that the
terms

(Flw,v) o) = Fie,0) fye, ) n (

Laa(f, 1) = / B (v — va,w) (.0 P, ) — i (2,0) fiy (. v2))

R3xS?

ln<f1j4(x7v)f?4(xvv*) )dv dw
Pl ) o)/

Ipp(fh, f3) = / Bj(v — ve,w) (f(x,0) fh (2, 0)) — fh(x,0) fh(x,v.))

R3 xS2
In ( fé(x, v)fé(ac, vs) )dv*dw,
fu(@,v") f(z,vl)
IAB(f,%aij) = R SQBj(v - v*,w)(fi(x,v')fé(x,vi) - fﬁl(w,v)fé(x,v*))

In ( f?‘(x’ ”)fé(x’”*) )dv*dw,

Fi(@, o) fp(, 0))



are bounded in L!

Proof. (Lemma 2.1) By proceeding as for the case of a one component gas,
it holds that

QU4 = KQ (P )+ e laalfh 1)

[ B v @) (P ) (vl — Fi(e ) i)
R3xS§2
In (;W)dv*dw,

i‘(x, v’

QU ) < KQ (e f) + o Ion(f 13)
1

W Bj(v - v*?‘”) (fi‘(.’E,U/)ij<l‘,’Ui) - fi‘(x,v)f]]g(x,v*))
n R3xS2

In (W) dvsdwdw.
fh(z,v")

The two previous inequalities lead to
QA S QB ) QUL | Q (fh F)
1+ £ 1+ fL 1+ f4 1+ f3

b (TP £3) + T £5) + Tan o 1)

T (Faut) QT (f5.f)
) and Y
arguments as for the one component case ([7]). O

Hence the weak compactness of Q

follow by classical

Denote by f4 and fZ the respective weak limits of fﬁl and fé in L.
Now, the aim is to pass to the limit in the boundary terms (1.3) i.e to prove
the weak convergence in L'({v € R, ¢ > 0}) (resp. L'({v € R, ¢ < 0}))
of fL(1,.) (resp. fh(—1,.)) to fz(1,.) (vesp. fm(—1,.)). First, the fluxes
f§>0 .ffé(l, v)dv and f£<0 \f]fé(—l, v)dv are controlled in the following way.
From (2.2) written in the exponential form, it holds that

; : — 0 14n fu 2 BY LI (e+sEv.)dvsdwds 1
fhlaw) = fh(-Lv)e e L €> 3
j i *fbf w52 XO BY fI (2456, v ) dvsdwds 1
foww) = fhtwe TS  E<—g (23



Recall that,
V(z,v) = / X' B f(z, v,)dv,dw.
R3, xS2?

For v satisfying £ > % or £ < —%, _11 vl fg"v) dz is uniformly bounded from

above. Hence, by using the definition of the boundary conditions (1.3) in
(2.3), it holds that

fL(z,0)

Vv

M) [ ifpL 6>

cMy (v) §fé(1,v)dv , §<—1.

fé(ﬂ?,'l)) 2
£>0

v

So

/ max(~, min(p, (1 + [v])%) £ (z, v)ddv
{&> 3 u{e<—3} H

1 .
2 /{§>§} max(ﬁ,min(u, (1 + Jo])?) My (v)dv /§>0 £fL(1,v)dv

1 .
[ max(minGe, U+ D)Mo | [€7h(-1,0)de,
{e<—3} o £<0
ff_t;, being non negative, we have for u big enough

1

1 A

c/ max(—, min(g, (1 + |v])?) f4 (2, v)dzdv
—1JR3 K

> [ erbodor [ lelrh-10)de
€0 £€<0
Since fil fR% max(i, min(u, (1Hv|)ﬁ))fé(:n, v)dzdv = 1, the fluxes f§>0 ffé(l, v)dv

and f§<0 ]{\fé(—l, v)dv are bounded uniformly w.r.t j.
Furthermore, the energy fluxes are controlled. Indeed, by conservation of
the energy for f7, it holds that

§v2fé(1,v)dv+/ ]§|v2fé(—1,v)dv
£<0

£>0

< [ erricrdos [ (e,

§>0 £<0

10



The definition of the boundary conditions (2.1) and (2.2) yield

§02fé(1,v)dv+/ |§]v2fé(—1,v)dv
£<0

£>0

< (W + / 1L [ € M_(v)dv (2.4)
£'<0 £>0

[ gy [ e e,
&'>0 £<0

The right-hand side of (2.4) being bounded, it follows that

[ &AL e+ /5 €l (1 u)dv <
> <

Therefore the entropy fluxes are controled. Indeed, f/ = f,Jq + ffg satisfies
the following equation

€5 (F(log(£7) ~ 1)) = Q5(7, f)og (). (2.5

By using a Green’s formula and an entropy estimate in (2.5), leads to

EF3(1, v) log £ (1, v)dv + / E1£3(—1,0) log fy(—1, v)dv
£>0 £€<0

< (|  EfL)d + k)
&£'>0

/ €M (0)log(Mo(0)( [ € (1,0 )de! + k))du
£<0 &'>0

o / €1 (=1, 0 )do! + k)
£'<0

M_(v) log(M_(v)( / €1 FL (1, o)d! + ) do.
£>0 £'<0

Hence the Dunford-Pettis criterion ([13]), ffg(l, .) is weakly compact in

L'({v € R3¢ > 0}). Let one of its subsequence still denoted by fé(l, ),
converging weakly to some g, in L'({v € R3, ¢ > 0}). It remains to show
that g+ = fp(1,.). Let g4 be defined by

ga(z) = %ln(l +duz). (2.6)

11



f}é being a weak solution to (2.2), it comes that
0 iy _ QU )
€5, 94(f p) = Pl
(5T QUL
I+fg 7 1+dfp
pact. Consider a test function ¢ vanishing on {|¢| < 6} U {|v| > 4} and
satisfying ¢(z,v) = p1(x)p2(v) with ¢1 = 1 in a neighborhood of 1.

Efoloyde= | ga(fL)e(v)do+ | €(fL — Ba(fL))e(1,v)dv
>0 £>0

Denote that by weak compactness of @ is also weakly com-

£>0
The fluxes being controled, it holds that

lim / €L, v) — ga(FL)(Lv)|dv =0,
£>0

d—0

uniformly w.r.t j. So, n being given, we can chose d > 0 such that uniformly
w.r.t j,

| / £(F% — gaFh) (L, v)do| <, | / £(f5 — ga(f5))e(1, v)dv| <.
§>0 £>0
Let us show that

/ caa(Fie(Lv)do — [ Egalfu)o(l,v)dv.
£>0

£>0
By definition of the trace ([5], [10]),

ga(f7)(1,v) = lim — /0 " ga(F(1— e v))de

e0—0 &g

But (Lpgd(fjg)) satisfies the equation

0 9a(f%))
ox

Op oy, Qilfh )
=& + == . 2.7
fazgd(fB) 1+df133 ¥ (2.7)
So, by integrating (2.7) on [1 —¢,1] x R? and by using a Green’s formula, it
holds that

|€10 /R% /OEO(Qd(fjjé)(l,v) - gd(fé)(l — €,0))p2(v)dvde|

S €0 /U /]Rg /]__60 ‘ 1 + dfé (a:’U)SO(xav)‘d-%'d’Udé

§

1 €0 1 ) P
+€0/0 /R% /150 ‘gd(ffa)(w,UK%Cp(x,v)|da:dvde. (2.8)

12



, (i
By weak compactness of (f%) and %Bf’f]) in LY([-1,1] x {|¢] > 6, |v| > 1},
B

there is £y > 0, such that for g < £y and uniformly w.r.t j,

1 [ 1 Q: J g
/ / / ‘M(IB,’U) («’L‘7/U)‘dxdvd€ < 77,

J ¥ =
€Jo JR3J1-eo 1+4+dfy

1 €0 1 ] 9
60/0 /R% /160 ’ﬁd(ffg)(x,v)€%¢($,v)|dxdvde <.

But by weak compactness of gd(fé)(l, v), gd(f]jB (1,v) is converging weakly

in L' to some gg. By weak compactness of g4(f5)(1 —¢,v) in
LY[-1,1] x {v e R?,[¢] = 4, [v| < 6})

/R% /050 fgd(f{g)(l —&,v)p2(v)dvde — /R% /060 €g9a(fB)(1 —&,v)pa(v)dvde
So
Ielo/oeo /Rg €@a — 9a(f5))02(v)dvde] < 1.

Hence, g, and g4(fp) are equal on the sets {v € R3,[£| > 6, [v| < 6} for all
6 > 0 and so a.e.

From here, by arguing as in ([14]), we can prove that (f4, fB) satisfies the
mild form or the renormalized form of (1.1, 1.2, 1.3). O

3 Some extensions.

This section is devoted to some extensions to Theorem [?] in particular in
the situation of multi-component gases. The results are similar to those
obtained in [10]. By reasoning as in [10], the following extensions can be
proved.

Corollary 3.1. Given 3 with —3 < 3 <0, Ma >0 and Mp > 0, there is a
renormalized solution to the stationary problem with B-norms M and Mp.

Corollary 3.2. Given 8 with —3 < 3 < 0, MAl""MANA and MBI""MBNB
there is a renormalized solution fAl“'fBNB to the stationary problem with
respective -norms Ma,, ..., MBNB'

Remark that the case of a one component gas with one boundary condition
of the type (1.2) and another of the type (1.3) can also be solved. It comes

13



back to the diffuse-reflection problem solved in ([8]) in the case of soft forces.
Furthermore, this problem can be generalized to several components by
reasoning as in the proof of Corollary 3.2.

Theorem 1.1 can also be generalized to the case of a convex combination of
boundary conditions of the type (1.2) and (1.3),

e F= QU ) (m0) € (11 <Y,
f(—Lv):a(/ E1f(~1,0)dv)M_(0) + (1 — )kM () , £>0,

£<0
f(1v) = af - §f(1,0)dv)My(v) + (1 —a)kMy(v) , £<0, (3.1)
a € [0,1].

Corollary 3.3. Given B with —3 < 8 <0, M > 0 there is a renormalized
solution to the stationary problem (3.1) with the 3-norm M.
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